ABSTRACT. We prove the existence of 27T-periodic solutions of second order ordinary differential equations with delay. In particular we study the effect the delay has with respect to the solvability of such problems. Resonance and nonresonance problems are considered.
Introduction.
The purpose of this paper is to show how one can make effective use of the delay in proving the existence of periodic solutions. We are interested in certain Duffing type differential equations. In particular we consider -x"(t) + cx'(t)=g(t,x(t-T)) + f(t), i€ (0,2?r), [ ' x(0) -x(2n) = 0 = x'(0) -x'(2?r)
where g: (0,27r) x R -► R is a Carathéodory function with at most linear growth in x and f E Ll(Q,2ir). We also assume that c G R, r E [0,2-k) and x E W2'x(0,2-k). Problems such as (1) were discussed by de Pascale and Iannacci in [3] and Iannacci and Nkashama in [5 and 6] . See also Layton [9] . In these papers the authors applied techniques which were used to study problem (1) with r = 0, that is, without delay. Conditions were formulated with respect to the spectrum of the problem -x"(t) = Xx(t), tE (0,2tt), { ' x(0) -x(2tt) = 0 = x'(0) -z'(27r).
In particular, in [6] it is shown that -x"(t) = g(t,x(t-T)) + f(t), í€(0,2tt), 1 ' x(0) -x(2tt) = 0 = x'(0) -x'(2ir) has a solution x E iy2,1(0,27r) for every / E L1(0,27r) under the assumption that m2 < a(t) < limmfg(t,s)/s < hmsupg(t,x)/s < ß(t) < (m + 1)2, |s|->oo |s|-►oo for some m € Z and a, ß E L°°(0, 2n) with m2 < a(t) on a set of positive measure and likewise ß(t) < (m+1)2 on a set of positive measure. In this paper we will extend the above result by studying the effect the delay r has on the spectrum. In fact we also allow a damping term and so we study the spectrum of the problem:
This is done in §3. In §4 we will study the nonresonance case and finally in §5 we allow resonance to occur.
Preliminaries.
Throughout this paper we assume that all functions which are defined on either (0, 2-k) or [0, 2n), are extended 27r-periodically over R; i.e. x(t) = x(t + 2tt). For r E R we define TT : L^O^tt) -» Ll(0,2ir) by (TTx)(t) := x(t -t). Let || ■ ||p, || ■ \\m,n and I ' U denote the usual norms in the function spaces Lp(0,2tt), Wm-n(0,2n) and Cfc([0,27r]), respectively. Also let (•, •) denote the inner product in L2(0,2n).
For i E {1,2} we define operators L% : dom(Lt) -> Ll(0,2tt) by (Ltx)(t) := -x"(t) + cx'(t), where dom(Lt) :
The operator TT has the following properties:
Next, let g : (O, 2ít) x R -> R be a Carathéodory function satisfying: \g(t, s)\ < ci\s\ + c2(t), for all (t, s) E (0,2ir) x R, where ci is some constant and c2(t) is some function in Lx(0,2n).
With this we can of course define the substitution operator N : Lx(0,2tt) -¿^0,2^) by (Nx)(t) := g(t,x(t)). Hence (NTTx)(t) = g(t,x(t -t)). Note that in general NTT ¿ TTN.
Since we are interested in the influence of the delay, we consider a nonzero delay. Moreover it is clear that any delay problem can be reduced to a problem with r E [0,27r), because the period is 27r. So let us fix some r E (0,27r) and observe that problem (1) is equivalent to the operator equation (5) Lix = NTTx + f.
Since g(t, s) has at most linear growth in s, it is important to study the case when g(t, s) = As. In this case N = XI and NTT = XTT. We therefore study the equation T-TLix = T-TNTTx + T-Tf. Let Lx := T-TL\X, then (1) is equivalent to (6) Lx = T_TNTTx + T-Tf.
Because we intend to calculate the norm and the spectrum of the linear operator we study the operator K := T-TL2, where K : àom(K) Ç L2(0,2rr) ~* L2(0,2tt) and dom(K) := dom(¿2)-It is easily seen that K is a closed, densely-defined, unbounded operator in a Hubert space.
Properties
of the linear operator K. One easily observes that K is symmetric if and only if c = 0 and r = 0. Since we are interested in the case t E (0,27r), K will never be selfadjoint. But K has the following nice property. LEMMA 1. K is a normal operator.
PROOF. Clearly K is densely defined and K* = (T-TL2)* = L2TT, by property (iii). Now it is shown in [4] that L2 is normal. Therefore it follows that \\Kx\\2 = ||T_TL2z||2 = \\L2x\\2 = \\L*2x[\2 = \[TTL*2x\\2 = \\L*2TTx\\2 = \\K*x\\2
We have used (ii) and also the fact that TT commutes with L2. Also dom(Ä") = dom(Ä"*) and hence K is normal (cf. [11] ). Q.E.D. PROOF. We already know that {n2 + cin)einT\n E Z} Ç a(Kc). Now let XE C\{(n2 + cin)einT\nE Z} and let y E L2C(0,2ir) be given. Let y = T,n€Zanemt and set cn := an((n2 + cin)einT -A)-1. Since Engz la«l2 < °°> '* follows that also Enez lc«l2 < °°i E"€Z lnc«l2 < °° and Enez \n2cn\2 < oo. Therefore *(*) := E"ezcnemi G Wç'2(0,2rr) and
x E àom(Kc) and (Kc -X)x = y. Thus Kc -A is surjective and since Kc -X is normal it follows that A E p(Kc)-Therefore a(Kc) = {(n2 +cin)einT\n E Z}. 4. Nonresonance case. In this section we will show that if g(t, s) satisfies condition (Al) below, then for every f E L1 (0, 2-k) we can find a solution of problem (1), or equivalently of problem (6) . Let us fix some w E R\a(Kc) and set r := dist(w,f7(Ä'c))-We assume that the nonlinearity g satisfies the following condition:
(AI) ff : (0, 2tt) x R -► R is a Carathéodory fonction such that (i) for every R > 0, there exists some fü E L1(0,27r) so that \g(t, s)\ < /h(í), for all t E (0,2tt) and |s| < R.
(ii) there exist some functions a,ß E L°°(0,2tt) and a set of positive measure, P C (0,2?r), such that: u) -r < a(t) < liminf g(t, s)/s < lim sup g(t, s)/s < ß(t) <oj + r, |s|->oo |s|-oo uniformly in t E (0,27r) and u -r < a(t) < ß(t) <uj + r, for all t E P.
LEMMA 3. Let p E L°°(0,2ir) satisfy a(t) < p(t) < ß(t), for all t E (0,27r).
Then Lx = px implies x = 0.
PROOF. Now p E L°°(0,2Tr) and x E W2-x(Q,2-k) implies that px E L2(Q,2n).
Therefore, Lx = px implies that in fact x E W2'2(0,2ir) and Kx = px. Suppose that there exists some xq ^ 0 with Kxq = pxr¡. Clearly there are only finitely many Ai,..., Afc E cr(Kc) which lie on the circle [ui -z\ = r. Let LEMMA 4. There exists some e > 0 so that p E L°°(0,2tt) with a(t) -e < p(t) < ß(t) + E, for all t E (0,2ir), and Lx = px implies x = 0.
PROOF. If the lemma were false, then there exist sequences {pn} C L°°(0,27r) and {xn} C dom(L)\{0} with q(í) -1/n < pn(t) < ß(t) + 1/n, for all t E (0,27r), and Lxn = pnxn. As in the proof of Lemma 3 we may replace the operator L by K. We also may assume that ||xn||2 = 1 and that there exists some p E L°°(0,2-k) and v E L2(0, 2tt) so that pn --p and (K -oj)xn -' v as n -» oo. Set x := (K -cj)v, then xn -' x in L2(0,2ir) as n -» oo. Therefore pnxn -» px. Now pn -' p and a(t) -1/n < pn(t) < ß(t) + 1/n implies that a(t) < p(t) < ß(t). We get that Kx = px with x ^ 0. By Lemma 3 this is a contradiction.
Q.E.D. THEOREM 1. Let g satisfy (Al) and let f E Lx(0,27r), then equation (1) has a solution x E iy2'1(0,27r).
PROOF. We let s > 0 be as in Lemma 4 and choose R E R+ so that |s| > R implies a(t) -e < g(t,s)/s < ß(t) + e, for all t E (0,27r ||JVi -¿/a:||i < c, for all x E Lx(0, 27r). With M := L -to we see that equation (6) is equivalent to Again, we may assume that t" -* t* E [0,1] and that pn -^ p in L2(0,27r), for some p E L2(0,2ir). Note that a(t) -e < p(t) < ß(t) + e, for all t E (0,2ir). We obtain that v = t*M~1T^T(p -u)TTv. With x := TTv we get
Therefore Lx = [t*p + (1 -t*)oj\x and of course a(t) -e< t*p(t) + (1 -i*)w < ß(t) + £, for all t E (0, 2tt). This contradicts Lemma 4. Therefore all solutions of equation (8) are bounded and so by the compactness of M_1 we obtain a solution to equation (7) . Q.E.D. can be replaced by (2m)2 < a(t) < lim inf g(t, s)/s < lim sup g(t, s)/s < ß(t) < (2m + 2)2 |a| -oo |s|-.oo or by -(2m+ 3)2 < a(t) < lim inf g(t, s)/s < lim sup g(t,s)/s < ß(t) < -(2m + l)2 |s| -oo |s|-»oo or by -1 < a(t) < lim inf g(t,s)/s < limsup5í(í,s)/s < ß(t) < 0.
|s|-»oo |s|-»oo (2) Theorem 1 partially extends certain results of [5] as well. (3) Our ideas can also be applied to systems with delay as considered by Layton in [9] . It is also possible to allow different delays to appear in the differential equation. Details will appear elsewhere.
Resonance
case. Resonance here means that we allow w -r = lim inf g(t, s)/s |s|-+oo to occur. In this section we consider resonance at w -r = 0 only. Results about resonance at other real eigenvalues will appear elsewhere in a more general and abstract setting. We will prove two theorems in this section. In one we assume a Landesman-Lazer condition holds and in the other we do not. We make the following assumptions about the nonlinearity g: (A2) There exist r, u> E R+ so that either (i)cl(ßr(w))Dir(ifc)=r{0,w + r}, or:
(n)d(Br(Lü))na(Kc) = {0}. Here Br(u) := {z e C||w -z\ < r}.
(A3) g : (0, 2ir) x R -► R is a Carathéodory function such that (i) for every R > 0, there exists some Jr E Lx(0,27t) so that \g(t, s)\ < fn(t), for all t E (0,2tt) and |s| < R.
(ii) there exists some function ß E L°°(0,2ir) and a set of positive measure, PC (0,2tt), such that 0 < lim sup g(t, s)/s < ß(t) < to + r, | s I -»oo for all (t, s) E (0, 2tt) x R and ß(t) <u + r, for all t E P.
(iii) there exists some M > 0 and some c E L1(0,27r) so that s(g(t, s) -c(t)) > 0, for all t E (0, 2tt) and |s| > M. LEMMA 5. Let r, ui, and ß be as in (A2)-(A3). Then p E L°°(0,2-!r) with 0 < p(t) < ß(t), for all t E (0,27r), and Lx = px implies that x E Ker(L).
PROOF. Since the case when (A2) (ii) holds is easier than when (A2) (i) holds, we will consider (A2) (i) only. Suppose that x0 E dom(L) with Lxc, = px0. As in the proof of Lemma 3 we can easily show that x0 E Ker(L) © Ker(L -(w + r)). Set x0 = xi + x2 E Ker(L) © Ker(L -(w + r)). Then (Lx0,xi) = 0 = (pii,2;i) + (px2,Xi) and (Lxq,x2) = (w + r)||a;2||2 = (pxi,x2) + (px2,x2). Therefore (to + r)||z2||2 = (px2,x2) -(pxi,xx).
Since 0 < p(t) < u + r, for all t E P, it follows that ||22II = 0. Hence (pxi,Xi) = 0 and so xn = xi E Ker(L) and p(t) = 0, for all t E (0, 2tt). Q.E.D.
Using a proof similar to the proof of Lemma 4 we can show that the following lemma holds.
LEMMA 6. Let r, w, and ß be as in (A2)-(A3). Then there exists some £ > 0 so that p E L°°(0,27r) with 0 < p(t) < ß(t) + s, for all t E (0,2tt), and Lx = px implies x E Ker(L). (2) We can use the same counterexample as in [8] to show that Theorem 3 does not hold for eigenvalues 0 ^ A" E R.
